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A theorem is proved giving a necessary condition for a standard spine of a prime homology 
3-ball to be minimal. This result enables an inspection of all standard spines with five or fewer 
vertices. by computer. There are exactly two such minimal spines, one for the 3-ball and one 
for the dodecahedral homology-ball of PoincarC. Corollary: No counterexample to the Poincart 
Conjecture exists having a standard spine with five or fewer vertices. 
AMS Subj. Class.: 57M20, 57M40, 57N12. 
dodecahedral homology-sphere 
1. Introduction 
Every compact 3-manifold-with-boundary M3 has a standard spine [2]; that is, 
M3 collapses to K, where K is a 2-dimensional CW-complex with points of the 
i-skeleton having a fixed local structure, for i = 0, 1, 2. This is illustrated in Fig. 1. 
A standard spine completely determines the 3-manifold. We may therefore describe 
a 3-manifold by simply specifying one of its standard spines. 
neighborhood of neighborhood of
2-skeleton point l-skeleton point 
neighborhood of 
O-skeleton point 
Fig. 1. 
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A standard spine K of M3 is called minimal if K has exactly k vertices (points 
of the O-skeleton), and there does not exist a standard spine of M3 with less than 
k vertices. The ‘house-with-two-rooms’ [2] is a well known standard spine of the 
3-ball B3 with two vertices. In fact, it is not minimal. The unique minimal standard 
spine of B3, the ‘house-with-one-room’, has a single vertex. It is formed by sewing 
two disks into a figure eight by the two words ba-‘baa and 6. An embedding of 
the house-with-one-room in R3 is indicated in Fig. 2, in which only the link of the 
l-skeleton is drawn for visual simplicity. 
Fig. 2. 
The dodecahedral homology 3-ball is formed by removing an open 3-cell from 
the solid dodecahedron with identifications, given in [5; p. 2161. Its minimal standard 
spine is obtained by forming the identification space on the 2-dimensional dodecahe- 
dron only. Its l-skeleton is the complete graph on five vertices 01, u2,. . . , US. The 
six 2-cells forming the 2-skeleton attach along the six simple closed curves: 
J, = v,v3u2v5v4c1, J4 = v4u1v5~3~1~4r 
J2 = v2v4v3v1~Sc2, Js = ~SvZv1~4~2~5, 
J3 = v3v5u4v2v&3, J6 = ~,~2vjv4vjV1. 
Although this ‘dodecahedral spine’ does not embed in R’, a neighborhood of its 
l-skeleton does. This embedding is indicated in Fig. 3, in which only the link of 
the l-skeleton is drawn for visual simplicity. 
Fig. 3. 
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In Section 2, we prove a structural theorem describing minimal standard spines 
of homology 3-balls (Theorem 2). This result gives a simple criterion for deciding 
that a standard spine is not minimal. In Section 3, we describe a list of all standard 
spines (of orientable 3-manifolds) with five or fewer vertices. Lemmas 3.1-3.3 are 
concerned with removing as many repetitions from this list as possible. These 
lemmas yield a sufficiently short list so that a computer program can be run which 
exhaustively searches every item. The program rejects any standard spine that is 
not homologically trivial, then rejects any standard spine which is not minimal, by 
use of Theorem 2. In this way we prove the following: 
Theorem 3. Let K be a minimal standard spine of a homology 3-ball with five or 
fewer vertices. Then K is either the house-with-one-room or the dodecahedral spine. 
Accordingly, the homology 3-ball is either B’ or the dodecahedral 3-ball. 
Corollary 3.1. No counterexample to the Poincare Conjecture exists having a standard 
spine with five or fewer vertices. 
Conjecture. Let K be a minimal standard spine of a homology 3-ball M2. Then the 
l-skeleton of K is planar if and only if M3 is homeomorphic to B3. In other words, 
the l-skeleton of K embeds in R2 if and only if K embeds in R3. 
In Section 4 we state a number of such conjectures suggested by the results of 
this paper. 
2. Two reduction theorems 
A 3-manifold (without boundary) is called prime if each separating piecewise 
linear 2-sphere bounds a 3-cell on at least one side. A 3-manifold-with-boundary 
M is correspondingly called prime if each spanning disk which separates M yields 
a 3-cell on at least one side. We call M a homology (homotopy) 3-ball if M has 
the same homology (homotopy) groups as a 3-ball. A set with the neighborhood 
structure of a standard spine but lacking the CW-complex structure is called a fake 
surface. 
Theorem 1. Let M be a prime homology 3-ball. If M collapses to a fake surface K 
with n vertices, then M has a standard spine with n or fewer vertices. 
Proof. Let X denote a component of the open 2-skeleton of K. Every simple 
closed curve in X separates K, because HI(K) = 0. Thus, X is a disk with holes. 
We wish to make X into a disk. Let J be a simple closed curve of X which separates 
two holes. Then J separates K into two components A and B, A -B = J, with J 
representing a bounding l-cycle in A, and a free l-cycle in B. 
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Letting r be a natural retractic I of M onto K, we set ?l = r-‘(A) and 3 = r-‘(B). 
Then ?l* 23 is an annulus U w’ h J as its centerline, while ‘9 + B = M. The two 
curves of 8U lie on &V, and i und two disjoint subdisks VI and VZ on &Vf. In 
fact, VI and Vz lie on 8%. 
We add a 3-cell D to M 1 y identification of ah4 and 80, forming a closed 
manifold &?. The 2-sphere U vi + VZ separates the prime manifold &? into ??l 
and 23+D, so either M or 8+ --) is a 3-cell. If ‘11 is a 3-cell, then J bounds a disk 
E in 2l, and E + B forms a reduced locally standard spine for 2l+ 23 = M. If ‘B + D 
is a 3-cell, then ?I + (% + D) = &?, so % is homeomorphic to h4. Thus, M collapses 
to A, whereas A in turn collapses to a locally standard spine, so the problem is 
again reduced. Continuing in this manner, we may assume that the 2-skeleton of 
K is composed of disks without holes. 
The open l-skeleton of K cannot contain any simple closed curves because such 
a curve has two possible neighborhoods in K, one with f (or 5) twist, and one 
without a twist. The former case yields an element of order 3 in Hi(K), and the 
latter yields a 2-cycle in K. Thus, the open l-skeleton is entirely composed of arcs. 
This completes the proof of Theorem 1. 
Note that this result is false for manifolds with nontrivial homology. For example, 
a cube-with-knotted-hole in which the hole is a treffoil knot may be collapsed to 
a fake surface with no vertices. 
We denote the i-skeleton of a standard spine K as K’, for i = 0, 1, 2. The 
following theorem is a useful tool for deciding that a standard spine is not minimal. 
Theorem 2. Let M be any prime homology 3-ball other than B’, with standard spine 
K. Let C be a 2-cell of K2 with attaching map f: aC --, K 1 such that f is one-to-one 
and f-‘(K’) contains less than four points. Then K is not minimal. 
Proof. Case I. f-‘(K’) consists of three points. A neighborhood N of C in K may 
be placed in R3 with cylindrical coordinates (r, 8, z): 
N={(r,8,z)~r=l}+{(~,~,~)[r~l,~=o)+((f,e,~)~~~1,e=0,~~,n). 
Thus, N is a cylinder with a spanning disk and three half-planes attached. The 
spanning disk C is bicollared by {(r, 6, z) 1 r G 1, -1 s z s 1). A collapse through the 
face {(r, 8, z)lr = 1, n< 8 c2~, -1 cz c 1) yields a fake surface with only two 
vertices in N, the points {(r, 8, z) 1 r = 1,8 = in, z = *l}. The result follows by an 
application of Theorem 1. 
Case II. f-‘(K’) consists of two points. This time N is a cylinder with two 
half-planes attached. The same alteration that was performed in Case I now yields 
a fake surface with no vertices in N. The result follows from Theorem 1. 
Case III. f-‘(K’) consists of one point. A neighborhood N of C in K may be 
placed in R3 with cylindrical coordinates (r, 8, z): 
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Thus, N is a cylinder with a spanning disk and one half-plane attached. The spanning 
disk C is collared by {(r, 0, z) 1 r s 1, -1 s z c 1). As in the previous cases, the 
bicollared C is collapsed. This time, however, the collapse continues outside N, as 
the half plane {(r, 8, z)] r 2 1,8 = 0) collapses away. This collapse cannot continue 
down to a point, since M # B3. One can choose this collapse to ultimately yield a 
fake surface, then apply Theorem 1 to complete the proof. 
3. The main result, and its computer proof 
For any integer n, there are a finite number of standard spines of orientable 
3-manifolds with exactly n vertices in the CW-complex structure. In the proof of 
Theorem 3, we will show how to list all such spines for n s 5. We wish our listing 
to be efficient in the sense that it does not repeat the same standard spine many 
times. We will then describe a procedure for testing each such spine to see if it is 
the minimal spine of a prime homology 3-ball. Running this procedure on our list 
by computer, we find exactly two such examples: the house-with-one-room and 
the dodecahedral spine. This yields: 
Theorem 3. Let K be a minimal standard spine of a homology 3-ball with five or 
fewer vertices. Then K is either the house-with-one-room or the dodecahedral spine. 
Accordingly, the homology 3-ball is either B3 or the dodecahedral 3-ball. 
Corollary 3.1. No counterexample to the Poincare' Conjecture exists having a standard 
spine of five or fewer vertices. 
‘Corollary 3.2. Let K be a minimal standard spine of a homology 3-ball with five 
or fewer vertices. Then the l-skeleton of K embeds in R2 if and only if K embeds in 
R3. 
Proof of Theorem 3. Let K be a standard spine of an orientable 3-manifold-with- 
boundary M. Let T be any spanning tree of K’ (that is, T is a subgraph of K1 
which is a tree containing all vertices of K). Then T provides a base point for 
zI(K), with the arcs of K’ -T generating ri(K), and the attaching maps of the 
2-cells of K forming the relations of 7rl(K). 
One may describe all standard spines of orientable 3-manifolds with n vertices 
by first listing all trees Ti with n vertices, each of order 4, then describing all 
possible neighborhoods N(Z) of ?;: in a standard spine, and lastly describing al1 
standard spines which may be formed by extending each N(Ti). Fortunately, we 
may assume that the tree Ti is an arc: 
Lemma 3.1. If G is a graph with all vertices of order 4, and G has five or fewer 
vertices, then G contains a spanning tree which is an arc. 
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Proof. We describe only the worst case, 
spanning tree T as pictured in Fig. 4. 
lhich G has vertices a, 6, c, d, e and 
Fig. 4. 
If an arc of G-T connects e with a, b, or d, then the conclusion follows. By 
symmetry, a similar statement holds for d in place of e. But one of these two 
statements must holds, so the lemma is proved. 
Lemma 3.1 is false for graphs with six vertices; an example is shown in Fig. 5. 
Fig. 5. 
Lemma 3.2. Let K be a standard spine with n vertices, n s 5. A neighborhood NA 
of the spanning arc A in K is unique (up to homeomorphism) for n = 1, 2, 3. For 
n = 4, Na has two distinct forms. For n = 5, NA has four distinct forms. 
Proof. We treat the case where n = 5, as the others are easier. We may view NA 
as a triad T crossed with an interval 1, plus five ‘wedges’ Wi at the five vertices. 
In cylindrical coordinates, 
TxI={(r,8,z)~r~1,8=Oort9=frrorB=$r,O~z~6} 
and the wedge Wi has three possible positions, for i = 1, 2, 3, 4, 5, 
W! ={(r,8,z)lrSl,OS8S&rz=i}, 
W: ={(r,t9,*)IrSl,f~S@S$77,z=i}, 
WY ={(r, 0, z)l rS1,$9rdOC27r,z =i}. 
Thus, NA has 3’ 
i = 1, 2, 3, 4, 5. 
homeomorphism 
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possible forms, depending on the placement of the wedges Wi, 
But one may ignore the placement of WI; that is, there is a 
of (T x I) + W: onto (T x I) + W: which is fixed on points with 9 
z 2 t. By the same argument, we may ignore placement of WS, so NA has 3’ possible 
forms, depending on the placement of the wedges Wi, W$, and Wt. Denoting this 
form by Na(i, j, k), we use symmetries to reduce these 27 cases to 4 cases: 
NA(l, 1, l), N,.,(l, 2, l), NA(l, 2,3), and NA(l, 2,2). This proves Lemma 3.2. 
The set N*(i,j, k) may be completed to form a standard spine of an orientable 
3-manifold with boundary by first completing the l-skeleton with six arcs, yielding 
configurations, then fixing a neighborhood of each arc in one of three possible 
positions. This number may be reduced by using the two symmetries of NA(l, 1, l), 
the single symmetry of NA(l, 2, l), and the single symmetry of N,(l, 2,3). The set 
Na(l, 2,2) has no symmetry. However, we may ignore any spine obtained from 
Na(l, 2,2) by joining a vertex at the z = 5 level with a vertex at the z = 1 level. 
Lemma 3.3. If K is a standard spine of an orientable 3-manifold-with-boundary, 
K has 5 vertices, and if there exists a simple closed curve J in the l-skeleton of K 
containing the five vertices of K, then K has a subset of the form NA(1, 1, l), 
Na(l, 2, l), or Na(l, 2,3). 
Proof. A neighborhood of J is a triad T crossed with an interval I, plus five wedges 
W{, i = 1, 2, 3, 4, 5, i = 1, 2, 3 (see Lemma 3.2), with the top and bottom of TX I 
identified. The identification, by orientability, must be either the identity, a i-twist, 
or a $-twist. This gives three cases. We describe Case III only, as Case II is equivalent 
by a homeomorphism, and Case I is similar but easier. 
Thus, we assume that T x 0 is identified with T x 6 by the rotation (r, 8)+ 
(r, 8 +$r). We now have 3’ subcases, one for each pattern of wedges. Denote the 
set (Tx~)+w~+w~+w;+w~~+w; byP(a,b,c,d,e). For each such pattern, we 
can ‘cut’ the identified T xl open at some level z = i, reforming neighborhood 
Na of Lemma 3.2 this time to a form other than NA(l, 2,2). In fact, the 35 subcases 
easily reduce to the following eight: 
l. P(l, l, 2,2, l), 5. P(l, 292, l, l), 
2. P(l, l, 2,2,3), 6. P(l, 2,2,3,3), 
3. P(l, l, 3,3,l), 7. P(l, 3,3, l, 1), 
4. P(l, l, 3,3,2), 8. P( 1,3,3,2,2). 
This reduction is obtained by 
(a) removing all P(a, 6, c, d, e) containing three consecutive letters of the form 
(i, i, i), (i, j, i), and (i, i, k) with i #j # k, and 
(b) removing all patterns which begin with 2 or 3, by a symmetry argument. 
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The homeomorphism h : (T X I)identieed + (T X I)idcntieed defined by h (r, 8, I) = 
(r, 8, z + 1 (mod 6)) takes P(a, 6, c, d, e) onto P(& a, 6, c, d), where e’=e + 
1 (mod 3). Repeated use of h takes care of all eight subcases. The first one, for 
example, is 
P(l,1,2,2,1&‘(2,1,1,2,2)&‘(3,2,1,1,2), 
and the other seven cases are similar. This proves Lemma 3.3. 
Using Lemmas 3.1-3.3, every standard spine K with five or fewer vertices was 
examined by computer as follows: 
(1) Verify if x(K) = 1. If not, reject it. 
(2) Verify if Hi(K) is trivial, by abelianizing a presentation of r,(K), then 
checking if the determinant of the coefficient matrix is *l. If not, reject it. 
The presentation used is the natural one: our base point is the set NA of Lemma 
3.2, generators are the arcs Ki-NA, and relations are the 2-cells of K. 
(3) Verify if K contains a 2-cell C such that if f:X +K’ is one-to-one and 
f-‘(K’) contains less than four points. If so, reject it, by Theorem 2. 
The only example not rejected was the dodecahedral spine described in Section 
1. Thus, this is the only example, other than the 3-ball, of a homology 3-ball with 
a standard spine with five or fewer vertices. This proves Theorem 3. 
4. Questions 
We divide the Conjecture of Section 1 into the first two questions. Let K be a 
minimal standard spine of a homology 3-ball M3. 
(1) K’ embeds in R’jK embeds in R3? 
(2) K embeds in R 3 + K1 embeds in R 2? 
(3) How can one extend these results to standard spines with 6 vertices? A list 
more efficient than that provided by Lemmas 3.1-3.3 would perhaps be sufficient. 
(4) A different version of Theorem 2 could easily extend these results to standard 
spines with 6 vertices and beyond: If M is a prime homology 3-ball other than B3, 
with minimal standard spine K, then must every simple closed curve in K’ intersect 
K” in at least two points? 
(5) If G is a graph of order 4 which is not planar, is there a homology 3-ball 
with standard spine K such that K’ = G? If this is not true, perhaps a counter- 
example can be found by a computer search. 
(6) Describe a minimal standard spine of a homology 3-ball, other than those 
of Theorem 3. For example, any surgery on a torus knot with surgery coefficient 
l/N, N an integer, produces a homology 3-sphere [5,3]. What is a likely candidate 
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for a minimal standard spine of the corresponding homology 3-ball? For more such 
examples, see [ 11. 
(7), How can one prove that a standard spine is minimal, aside from a total search 
of all possibilities as we have done by computer? 
(8) Does the Zeeman Conjecture hold for all standard complexes with five or 
fewer vertices (including those which are not spines)? 
(9) Can one design a similar computer search in four dimensions? For a treatment 
of standard spines in higher dimensions, see [4]. 
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